We calculate the dependence of the Casimir force on the isotopic composition of the interacting objects. This dependence arises from the subtle influence of the nuclear masses on the electronic properties of the bodies. We discuss the relevance of these results to current experiments utilizing the iso-electronic effect to search at very short separations for new weak forces suggested by various unification theories.
The Casimir effect [1] has been the subject of intense study recently, both experimentally and theoretically [2, 3, 4, 5, 6, 7, 8, 9] . Not only is it of interest in its own right, as a novel and fundamental quantum effect, but the increasing precision of experimental tests of the Casimir effect has led to its use in searching for new macroscopic forces acting over sub-millimeter scales [10, 11, 12] . This follows from the fact that the Casimir force becomes the dominant background to any new macroscopic force over short distance scales after electrostatic and magnetic effects have been eliminated. If we consider, for example, the Casimir force per unit area P C (d) between two perfectly conducting parallel plates at temperature T = 0 separated by a distance d, then [1] 
It is instructive to compare P C (d) to the gravitational force: For two Cu plates having dimensions 1 cm 2 × 1 mm a distance d apart, the Casimir force exceeds the Newtonian gravitational force when d < ∼ 14 µm. (This distance becomes slightly larger at room temperature [13] .) However, this is the very distance scale over which recent extra-dimensional theories suggest the possibility of new short-range gravitational forces [14, 15, 16] . If follows that detecting such forces requires understanding the (presumably larger) Casimir background.
For Casimir experiments using real (rather than idealized) conductors, the effects of finite conductivity, finite temperature, and surface roughness become important, and considerable progress has been made in recent years in dealing with these effects [2, 17, 18, 19] . Still, the inherent difficulty in calculating the Casimir force for real materials to high precision limits the use of Casimir force experiments to constrain new forces. The object of the present paper is to implement a recent proposal [12, 13, 20] This calculation is of interest for two reasons: First, it is directly relevant to an experiment currently underway [21] to search for new short-range forces by comparing the Casimir forces for two isotopes of the same element. Secondly, our results reveal new characteristics of the Casimir force, the dependence on lattice spacing and nuclear masses, which may be utilized in future applications.
To understand how the isotopic dependence of the Casimir force comes about we note that for two infinitely thick parallel plates composed of real dielectrics at T = 0, the expression for the Casimir force F C (d, T ) is more complicated than Eq. (1), and is given by the Lifshitz formula [22, 23, 24, 17] :
Here A is the area of the plates, k B is Boltzmann's constant, ω = iξ l , ξ l = 2πk B T l/h, and
where ε(ω, T ) is the frequency and temperature dependent dielectric constant. The prime on the summation sign indicates that the l = 0 term should be multiplied by 1/2. The dielectric properties of the interacting media determine the Casimir force acting between real metallic plates. In practice, one obtains ε(ω, T ) from a Drude or plasma model for low frequencies and from tables of optical data for higher frequencies.
We note from Eq. (2) that the Casimir force depends on the temperature T , as well as on d, and that this T -dependence between real metals enters in two different ways [18] . First, the quantum electromagnetic field is at temperature T and this contributes a thermal pressure from real photons on the plates which becomes significant for larger plate separations. When 
As was observed recently [18] , we can see from Eq. (4), that there remains another temperature dependence to the Casimir force. The dielectric constant ε(ω, T ) is also temperature dependent as discussed below, even when one can neglect the temperature fluctuations of the field. Therefore, following Ref. [18] , we define F (d, T = 0) ≡ F T (d), were the subscript denotes this implicit T -dependence. Thus, it is important to check that the tabulated data for the dielectric constant are appropriate for the temperature at which the experiment is conducted. This has not been a problem in previous experiments since they have all been conducted at room temperature at which most of the tabulated optical data are obtained.
However, these data may be inappropriate for experiments conducted at low temperatures.
For the case of two infinite plates, we see that the isotopic dependence of the Casimir force must enter through ε(iξ, T ), which depends mainly upon the electronic properties of the material. Optical data for the isotopes of interest, at temperatures relevant for an experiment, are difficult to find in the literature. Furthermore, experience from room temperature Casimir force experiments indicates that, ideally, one should obtain optical data directly from the actual samples used, since there is sufficient variation from sample to sample.
In the absence of relevant experimental data, we can estimate the isotopic dependence of the Casimir force from theoretical considerations. As we have discussed, the Casimir force is determined through the Lifshitz formula by the dielectric constant ε(ω, T ). For metals which can be described by the plasma model, ε(ω, T ) is characterized by a single parameter, the plasma frequency ω p which depends, in turn, on the lattice constant a. In the presence of an anharmonic potential, the lattice spacing a will be different for two isotopes of the same element, since the zero point motion of the isotopes at T = 0 depends on the respective isotopic masses. Thus, the isotopic dependence of the Casimir force arises from the dependence of the lattice constant on mass, and this dependence affects the dielectric constant, and eventually the Casimir force, through the Lifshitz formula.
To quantify the preceding discussion, we consider a Casimir force experiment utilizing conductors which can be described by the plasma model. Although this is a simple model of metals, it is sufficiently reliable for our present purposes. In the plasma model the dielectric constant ε(ω = iξ) is given by
where the plasma frequency ω p is
Here N/V is the number of conduction electrons/volume and m eff is the effective electron mass. If Eq. (5) 
In the simplest case, let N val /V be the number of valence electrons/volume and let m eff = m e , the free electron mass, in which case, Eq. (6) reduces to
From Eq. (8), we see that in this case, all of the isotopic dependence must arise from V , the volume per atom, which is proportional to a 3 .
The isotopic dependence of the lattice spacing has been a topic of interest for some time [26, 27] . It is well-known that the temperature dependence of a, which leads to thermal expansion of solids, arises from anharmonic terms in the interatomic potential [28] . For example, in a one-dimensional lattice with a typical interatomic distance given by x, let an atom's potential energy be approximated by V (u) ≃ (1/2)ku 2 − (1/6)bu 3 , where u = x − x 0 , x 0 is the equilibrium separation, k is the effective spring constant, and b characterizes the anharmonic contribution. At temperature T , the thermal average displacement depends on the anharmonic term so that the lattice constant in this model becomes temperature dependent and proportional to b [28] :
where k B is Boltzmann's constant. This temperature dependence of the lattice spacing affects the plasma frequency, which leads to a temperature-dependent dielectric constant 
It follows that the temperature and isotopic dependence of ε(ω, T ) are linked through the anharmonic term of the interatomic potential. At finite temperatures, both thermal and zero-point motions contribute, although the former dominate at higher temperatures. Hence the isotopic dependence of a is most significant at temperatures much less than the Debye temperature. For a current review of theoretical estimates and experimental results for the isotopic dependence of the lattice constant, see Plekhanov [27] . With the exception of nickel, which is one of the metals being considered for an experiment utilizing the iso-electronic effect [12] , most of this effort has focused on materials which would not be appropriate for
Casimir force experiments. Nonetheless, one finds ( Table I ) that ∆a/a ∼ 10 −4 for those elements that have been studied, and this agrees with theoretical estimates.
If we assume that the entire isotopic dependence of the Casimir force is dominated by the isotopic dependence of the lattice constant through Eq. (8), and that the Casimir force is given by Eq. (7), then we find that a variation of the lattice constant ∆a leads to a relative difference in the Casimir force for two different isotopes,
where ∆F 21 = F 2 − F 1 , ∆a 21 = a 2 − a 1 , and we have used ∆ω p /ω p = −(1/2)∆V /V = −(3/2)∆a/a. Since Eq. (7) is valid when 2πc/ω p d ≪ 1, and experimentally one finds (e.g., for nickel) ∆a/a ∼ 10 −4 , one expects
under these conditions. This is several orders of magnitude below the current resolution of
Casimir force experiments (∆F/F ∼ 10 −2 ). However, since this problem remains unexplored experimentally, it may be possible to find situations in which the isotopic ∆F/F is large enough to be observed.
To summarize, we have shown that for metals which can be described by the plasma model, the relative difference in the Casimir force between plates composed of different isotopes separated by d ≫ 2πc/ω p is negligible in any current experiment [21] utilizing force differences to extract limits on new forces. For metals which are not well described by the plasma model, and for experiments with shorter separations, further analysis will be needed to ascertain how well our conclusions hold, particularly when more realistic models of the dielectric constants are used for the actual experimental samples. Additionally, other effects of an isotopic mass difference should be explored. These include the isotopic dependence of m eff , and the possibility that the dielectric constant can depend on isotopic mass in other ways besides the lattice constant. However, these effects are not likely to alter the principal conclusion of our analysis, that current searches for new short-range forces using the iso-electronic effect [21] can ignore the isotopic dependence of the Casimir force. 
